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Abstract

As network loading forms the basis of many dynamic traffic assignment solution algorithms,
we consider in this paper four macroscopic link models that are widely used in DTA studies
as the building blocks of certain network loading procedures. For the same generic link, the
four models are solved and evaluated numerically for various link inflow patterns. And the
characteristics of each model is analyzed and compared with others from multiple perspectives
such as algorithmic implementation, model calibration, model accuracy, computational efficiency
and memory consumption. It is our purpose to find the best link model for the development
of realistic and efficient network loading procedures. Moreover, since model discretization and
calibration substantially influence a link model’s behavior, both issues are carefully addressed
in the paper.

1 Introduction

The importance of network loading towards solving a dynamic traffic assignment (DTA) problem
can be stated from the following three perspectives. First, the accuracy of the DTA solution is
essentially determined by the accuracy of the loading results as the assignment decision is made
based on the state of the network after the underlying loading procedure is executed. In light of
this, any inaccuracy introduced at the loading stage may eventually lead the solution away from
the “true” solution. Second, from the perspective of implementation, if we could divide a DAT for-
mulation into two parts, i.e., the part of network loading and that of assignment strategy, one may
find that coding the first part requires much more efforts than coding the second part because the
implementation of the former involves, on one hand, detailed information of the physical network,
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and on the other hand, almost all the network state variables that are usually much more numerous
than the assignment-strategy-related variables. Third, network loading can be time-consuming and
memory-intensive. In particular, certain types of DTA problems (for instance, the dynamic user-
equilibrium (DUE) problem presented by Friesz et. al. [10]) requires iterative solution approaches,
i.e., finding the fixed point (the solution) by repeatedly conducting network loading. In that case,
the running time of the solution algorithm is often dominated by its network loading component.

Because the size of a real road network can be fairly large, DTA solution algorithms call for effi-
cient loading procedures in terms of both implementation (coding) and computation. One can find,
in DAT literature, two types of loading procedures: simulation-based and analytical link-model-
based. Generally speaking, loading procedures based on simulation work with individual vehicles
or vehicle-packets!. Such loading procedures provide more flexibility and can, accordingly, deal
with more complex traffic phenomena and obtain more realistic loading results. However, these
procedures share certain drawbacks as well. For instance, because much more detailed information
about both the network and vehicles is required in modeling network dynamics, the resulting load-
ing procedures usually prove to be computationally intensive (often slow and memory-demanding).
Loading procedures based on analytical link models, in contrast, work with macroscopic traffic
flow variables that describe average behavior of vehicles which, in most cases, involves a small set
of time-dependent link state variables such as link inflow rate, link volume and link travel time.
As such, these procedures are comparatively simple to implement and efficient to compute even
for large road networks, but are often believed to be less accurate than simulation based loading
procedures in capturing complex traffic phenomena. Because the advantages and the disadvantages
of the above two approaches are complementary, it is practically unwise to favor one over the other
without considering the environment in which they are applied. Indeed, both network and DTA
properties as well as the specific application at hand have substantial influences on choosing an
appropriate loading procedure. For example, if we solve a DUE problem on realistic size network
for certain planning applications, the loading procedures based on analytical (macroscopic) link
models are probably strong candidates because they strike an adequate balance between computa-
tional efficiency and realism for planning applications.

We consider in this paper a class of analytical link-model-based loading procedures in DTA
studies. As the name implies, each loading procedure is based on a specific link model that describes
how traffic is propagated on the link. In particular, we are interested in link models that can be
constructed from the following framework suggested by Zhang and Nie [22], or what we call a
generic macroscopic link model:

Flow conservation
() = u(t) —v(t) (1)
Flow behavior (one of these)
7(t) = f(T, Q(¢)) (2)
or

v(t) = g(T', (1)) (3)

Flow propagation
t+7(t)
/ o(s)ds — o(1) (4)
t

!They record the location of each vehicle or each vehicle packet on the network at each simulation step.
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In the above expressions, u(t)/v(t) is the inflow/outflow rate; x(t) is the link volume (i.e., the num-
ber of vehicles on a link at time t), 7(¢) is the link traversal time (i.e., the actual time it takes for
the vehicle entering at time ¢ to traverse the link); T is a parameter vector reflecting the dynamic
properties of a specific link such as the free flow travel time and the bottleneck capacity; and €(t)
is a vector of the current link state variables such as link volume.

Eq. (1) comes from the flow conservation law which says that, if the link itself neither generates
nor absorbs vehicles, the variation of link volume at any instant ¢ is the difference of link inflow
rate and link outflow rate at that moment. Both functions f in (2) and g in (3) are concerned
with specifying, indirectly, the speed of flow propagation on the link. f provides an explicit way
of obtaining flow propagation speed, measured by link traversal time for a given distance (link
length). In contrast, g in (3 ) provides an implicit way of obtaining flow propagation speed: the
outflow is first determined using the exit flow function g, then the link traversal time is sought from
(4). Note that parameter I' shows up in both (2) and (3), emphasizing that both functions need
to be calibrated with specific link characteristics. In addition, we comment that f and g are not
necessarily analytical functions. They can be replaced, without destroying the logical structure of
the above modeling framework, by two “black boxes” implemented with more complicated model-
ing logic that gives 7(¢) and v(t) as respective output. However, the use of analytical functions for
(2) and (3) are desirable if we want to retain mathematical tractability of the resulting link model.
Furthermore, according to Zhang and Nie [22], the FIFO (first-in-first-out) condition should be
enforced in (2) and (3). This means f > —1 if the delay function f is used, and g > 0 if the exit
flow function is used.

Finally, Eq. (4) shows how flows propagate along the link once the speed is specified and the
rule of FIFO is respected. This relationship can be used to determine the value of “the third
variable”?: if (2) is used to determine the link traversal time, then the associated outflow rate can
be sought from

u(t)

o(t +7(t)) = 70 (5)

; and if (3) is used to determine the outflow, the associated link traversal time can be sought from

7(t) = % — 1L (6)

It is not hard to see that both (5) and (6) are transforms of (4).

In the above modeling framework, the two ways of specifying flow propagation speed lead to
two types of link models: the delay function model that uses (2) and the exit flow model that uses
(3). Examples of the former include the linear delay function model® studied by many researchers:
Friesz et. al. [10], Astarita [1], Wu et. al. [20], Xu et. al. [21]; and examples of the latter
include the M-N model proposed by Merchant and Nemhauser [15, 16], the CTM model developed
by Daganzo ([6, 7]), and the point queue (PQ) model used by Kuwahara and Akamastsu [12]. We
have noticed that neither the M-N model nor the CTM model defines link traversal time. However,

ZAmon varia le ,x ,v and 7T |, since is usually iven for a loadin pro lem, and z  is re arded as
a dependent varia le, “the third varia le” refers tov or 7 , ased on which is determined first.

3This is a link model that uses a linear delay function ased on link volume. the linear delay function is pro a ly
the only delay function known in DTA literature that satisfies FIFO for all inflow patterns.
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the variable can be consistently included into the model using (4) and sought from equation (6)* if
FIFO is respected on the link.

In this paper, we plan to give a comparative study on the four aforementioned link models,
i.e., the linear delay function (DF) model, the M-N model, the PQ model and the CTM model.
For the same generic link, the four models are discretized and tested numerically for various link
inflow patterns. And the characteristics of each model is analyzed and compared with others
from multiple perspectives such as algorithm implementation, model calibration, computational
accuracy, computational efficiency and memory-consumption. Because similar studies are lacking
in DTA literature, it is our purpose to use the comparison results to: (1) reveal the behavioral
characteristics of each link model; (2) provide a fair assessment of the performance of the four
models; and (3) find both theoretically and practically sound link models for the development of
sound network loading procedures. The remainder of this paper is organized as follows. In the rest
of this section, we introduce a specific link setting based on which different models are evaluated.
Here we also introduce some general notations for later use. In section 2, we briefly describe the
four link models mentioned above, including their original forms, their corresponding discretization
algorithms as well as how they are calibrated. The four models are evaluated in Section 3 with four
inflow patterns representing four typical traffic scenarios. The loading results are shown side by side
to explore and compare each model’s behavioral characteristics. Based on the results of Section 3,
a comprehensive evaluation towards the four link models is conducted in Section 4. Finally, Section
5 concludes the paper.

1.1 Link Settings under Discrete Time

We consider a homogeneous link with a bottleneck (e.g., a lane drop) right before the exit node.
In terms of link dynamics, the bottleneck limits the maximum number of vehicles discharged from
the link per unit time (which is also known as bottleneck capacity). However, when traffic is light,
the bottleneck may not be active and thus incurs no queuing delay on vehicles passing through
it. Since each loading procedure is executed numerically, continuous time needs to be discretized
into consecutive time intervals of equal length. In particular, we assume that time intervals are
indexed by integers starting from 1. Some general parameters related to modeling link dynamics
under discrete time are presented as follows:

At , the length of time interval, is 10 seconds;

[ , link length, is 5 miles long;

a , free-flow speed, is 30 mile per hour;

1/ , bottleneck capacity, is 2000 vehicles per hour or 0.5556 vehicle per second,;

6 , holding capacity®, is 400 vehicles per mile.

4We have noticed that the equation uses v+ 7 as the denominator, implyin that the outflow should not
e zero if the equation is used for travel time evaluation. However, if no vehicle leaves from a link durin certain
periods say [ 1, 5], free flow travel time a can e assumed for any ima inary vehicle enterin into the link durin
time interval [ 1, 2], where | = 1 +a and 5 = 2 + a. For example, if the link remains empty, whenever a driver
enters into the link, the travel time is . In practice, such an assumption will e used jointly with equation 6 for
evaluatin link traversal time.
5Tt is also known as the jam density of queuin traffic.
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For convenience, we also use heavily the following two derived variables in the paper:

Syp , the number of segments when the link is divided in the way shown in Section 2, is defined as
Sy = o) At;

Cy , the capacity flow of each time interval, is defined as C'y = At/S.

1.2 General Notations

To discretize a time-continuous link model, the aforementioned link state variables, i.e., z(t), u(t),
v(t) and 7(t), can be replaced by z;, u;, v; and 7; respectively with subscript ¢ denoting the index
of time intervals. However, simply changing the symbols proves to be problematic since some of
the link state variables are only meaningful at an instant rather than for a whole time interval. For
example, the meaning of x; can be vague if the particular instant that the symbol is referring to is not
clear. To eliminate possible misunderstandings of the notations, it is necessary to redefine/clarify
those discrete variables in the paper:

x; is the link volume at the beginning of time interval i, i.e., z; = fo(i_l)At[u(s) —v(s)]ds®.

At

u; is the link inflow during time interval i, i.e., u; = [, (i—1)A s)ds, the total number of vehicles
entering into the link during the interval.
v; is the link outflow during time interval i, i.e., v; = f(ZLAtl s)ds, the total number of vehicles

exiting from the link during the interval.

7; is the link traversal time for the vehicle entering the link at the beginning of time interval 7. In
other words, 7; is evaluated at time ¢t = (i — 1)At.

e; is the link exit time for vehicle entering the link at the beginning of time interval i. The
relationship between e; and 7; is: e; = (i — 1)At + 7.

Please note that we use inflow and outflow instead of inflow rate and outflow rate to address u;
and v; respectively, a way to distinguish the discrete variables from their continuous counterparts.
Based on the way that x; is defined, we use the following difference equation to replace equation
(1) for flow evolution

Tit1 = i + U — ;. (7)

The difference equation means that the link volume at the end of time interval ¢ is the summation
of the link volume at the beginning of the interval plus the difference between link inflow and link
outflow during that time interval.

2 Discrete Link Models

In this section, we briefly introduce the four link models mentioned in Section 1. Both model
discretization and calibration are also discussed in this section because they may substantially
influence the loading results.

We assume that the simulation starts from time 0.
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2.1 The M-N Model

Merchant and Nemhauser [15, 16] proposed the following link model

Titl = Ti+ U —
8
{ v = g(l'i) ( )

in formulating a system-optimal dynamic assignment problem, where g(x;) is the exit function that
determines the share of z; leaving the link during time interval i. According to Marchant and
Nembhauser, g(z;) is required nondecreasing and concave to model congestion. In addition, g(z;)
should satisfy the constraint x; > g(z;) to ensure non-negative link volume. After being proposed
in [15, 16], the model is also studied in depth by Carey [2] and extended widely by Carey [3], Friesz
et. al. [9] and Wei et al. [19] in other system-optimal dynamic assignment formulations.

Discretization is not necessary for (8) as the model is already in a discrete form. Let’s directly
consider model calibration, especially how the exit flow function is calibrated. Before doing so, we
need to find a concrete shape of g(z;) since the above specification is too rough for a loading model.
We start from considering two special scenarios of the independent variable z;: (1) for z; > Cy
and; (2) for x; < C}. If z; is quite large as shown in scenario (1), it is more reasonable’ to assume
that there exist sufficient number of vehicles queuing right before the bottleneck (for the generic
link described in Section 1), waiting for discharge. Under the assumption, the exit flow v; can
be easily found as C'y, the maximum discharge rate. However, even for very large z;, we cannot
always assure v; = Cy. The proper way to understand the point is this: as x; gets larger, g(x) will
approach to Cy with greater likelihood®. Certainly, g(x;) should be bounded by C; from above as
a result of bottleneck capacity constraint. If x; is small as shown in scenario (2), the distribution
of x; will play a more important role in determining the value of v;. For instance, if all the vehicles
are located near the entry node, it is possible that v; = 0 since those vehicles may need more
than At to reach the end node; on the contrary, if those vehicles are located near the exit node,
v; may take some positive numbers since part of those vehicles may finally get the chance to leave
the link during the current time interval. Unfortunately, such a distributional effect can hardly be
captured by a simple exit flow function, which makes it very difficult in properly specifying the
exit flow function for light traffic. For all the transitional scenarios from small x; to large z;, the
distributional effects will become less and less important in determining v;.

In light of the above observations, we would like to assume a linear relationship between z; and
v; for light traffic while let v; be bounded from above for heavy traffic. Please note that the linear
relationship is a compromise between model realism and simplicity since the real relationship be-
tween z; and v; is more complicated for the reasons explained above and can hardly be captured by
a simple exit flow function. As such, we use the following piece-wise linear function to approximate
the “ideal” exit flow function :

g(iE) = min{7mxa Cf}a v<l1 (9)

where, 7, is a parameter constant. Note that (9) satisfies all the requirements for g(z) mentioned
in the previous paragraph. The second parameter in (9) is C, representing the link’s capacity flow.

"If link volume is lar e, it is more likely to imply a con estion near the ottleneck.
8Since we don’t know link inflow, it’s wise to consider the pro lem ased on pro a ility/likelihood.
9Tn most cases, we dou t the existence of such an ideal exit flow function.
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Model calibration. Although (9) only involves two parameters, the 7, parameter proves
extremely difficult to calibrate. Again, =, relies on the distribution of x; which can hardly be
taken as a constant. One way to evade the difficulty is to use constant link flow for the calibration
since it assumes uniform flow distribution. If constant flow is used, v; can be easily found as x;/S,
which thus implies v, = 1/S,,. In particular, we comment that 7, = 1/5,, satisfies the requirement
of v, < 1 (to ensure non-negative link volume ) given the fact that S, is usually greater than 1
(since a link’s free flow travel time is normally greater than the length of each simulation interval).
Certainly, when the link inflow varies with time, such a setting of 7,, may introduce errors in de-
termining v; for certain inflow patterns. For example, if v1 (the outflow for the first time interval)
is determined using (9) for an initially empty link: a positive v; will be finally observed as long
as uq is not zero. The result implies that the travel time of the first few vehicles can be less than
the length of a simulation interval and hence be much less than the the link’s free flow travel time.
Generally speaking, the exit flow function tends to overestimate the current exit flow when there
is a sudden jump in the inflow pattern while underestimate the current exit flow when there is a
sudden drop in the inflow pattern (we will see the phenomena in the next section). The observation
implies that the behavior of the existing traffic on the link is somehow influenced by the amount of
late traffic entering into the link, which as we know is against the causality law'" or the so-called
anisotropic property of traffic.

Although we can qualitatively analyze the drawbacks of using the above -,,, little improvement
can be made since: (1) the distribution of vehicles on the link is unpredictable according to the
model; (2) a constant 7, is far from enough to capture the distributional effects since the distri-
bution of traffic on the link is time-varying; (3) the attractiveness of the M-N model is due to its
simplicity, any attempt of using more complex exit flow functions would destroy this simplicity.
Also for these reasons, we would regard the difficulties in the above calibration as the inherent
limitation of the M-N model that has already been noticed by other researchers such as Friesz et.
al. [11] and Carey [4].

To distinguish the exit flow model using (9) from the original M-N model in [15, 16] that did
not use the link exit function specified by (9), we call the M-N type of model using (9) the EF
model.

2.2 The Delay Function Link Model

A delay-function (DF) model can be obtained by choosing a specific form of the delay function f(-)
in the generic link model. The first FIFO-consistent!! delay function model is probably introduced
by Friesz et. al. [10] in their formulation of a DUE assignment problem. Afterwards, a variety of
studies, for example, on consistency (Astarita [1], Daganzo [8]), on application (Wu et. al. [20] and
Xu et. al. [21]) and on existence (Zhu et. al. [23]), have been conducted to explore the model’s
property as well as its potential applications in DTA study. Nevertheless, finding appropriate delay
functions seems challenging. For example, after nearly a decade from the work of Friesz et. al.,
the linear delay function is still the only simple delay function'? that satisfies the FIFO condition
under all inflow patterns. More disappointing, a recent study indicates that there exists probably

0We elieve that the ehavior of a vehicle is only influenced 7y traffic ahead of it rather than y traffic ehind.

1A delay function model is FIFO-consistent if the delay function used respects FIFO. In other words, f - should
e specified in such a way that 7 > —1 is always satisfied.

12We call delay functions of the form 7 = f x simple delay functions.
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no simple FIFO-consistent delay functions other than the linear one[17]. In light of this, we will
continue to use the linear delay function model for our comparison study. The exploration of more
“advanced” delay function models, although a worthwhile endeavor, is not considered in this paper.

The linear delay function model under consideration can be derived by replacing f in the generic
link model with a linear delay function ag + B4z (t), and (4) with (5):

z(t) = wu(t) —v(t)
T(t) = aq+ Bax(t) (10)
ot +7(t) = s

where a4 and (B4 are two parameters specifying the shape of the delay function. Note that equation
(5) other than (4) is used in (10) for the convenience of evaluating outflow rate. In the next step,
we show the approach with which (10) is discretized.

Model Discretization. The discretization of the linear delay function model (10) is not as
easy as it first appears. There are two potential problems concerning the discretization process.
The first is what we call a representation problem: although v(t+ 7(t)) as an instant flow rate falls
into interval | (t + 7(t))/At] + 1'3, it may not well represent the averaged outflow of that interval,
ie., vl_(t+T(t))/AtJ+l/At' The second is the small denominator problem appearing in the process of
numerical computation : if the right hand side of the third equation in (10) is discretized, one can
find that (14 %) shows up as the denominator which may approach to zero'* for certain inflow
patterns and hence causes computational failure.

Since discretizing the third equation in model (10) for v(e;) (hence for v;) can lead to potential
numerical problems, we resort to other approaches. One possible way is to find v from the cu-
mulative departure curve (hereby denoted as D(t)) at the exit node. The approach is explored in
depth in a recent paper [17]. Here we only give the resulting discretization algorithm. Interested
readers can consult Nie and Zhang [17] for details.

Algorithm D2:
Step 0 Initialization: 1 = 0; v; =0 for j € {1,2,---,a/At}; e1 = ;s k= a/At®; R, =0;i =1

Step 1 Move. Set i = i + 1; calculate x; = z;-1 + uj—1 — v;—1; ¢; = (i — 1)At + 7;. Set ng =
lei/At — k. If ny, < 1 go to case a; otherwise go to case b of Step 2.

Step 2 Determining exit flow.

case A: Calculate R, = R, +u(i — 1).

case B: Set k =k +1; vy = Ry + [kAt — e;_1]p;. For j =2 to ny: set k =k + 1, v = Atp;.
Calculate R, = (e; — EAt)p;.

Step 3 If i < [T/A| goto Step 1; otherwise, stop.

13We suppose that time intervals are indexed y ordered num ers startin from 1.

14Gince we only require that a delay function satisfies the condition of + > —1, theoretically 7  could approach
to -1 from a ove.

'5Note that k can e made into an inte er y adjustin the len th of A .
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In the above algorithm, k represents the farthest time interval whose exit flow ug is known;
R, represents the undistributed vehicles of u; 1; nj represents the number of time intervals whose
outflow can immediately become known if e; is determined given e;_1; p; represents the averaged
exit flow rate for vehicles belonging to w;, i.e., p; = u;_1/(e; —e;—1); and T is the farthest time
point of the loading horizon'®. The algorithm can be explained more clearly if Figure 1 is used as a
reference. Step 1 is concerned with the determination of point (e;, D(e;)) on the figure, which also

o} ¢ o} ¢
e | e
e/ U e 7T
€j.1 X —— D1 LXT "
€i-2 X Vk l €2 X! IﬁVk
X ) 7
K-1 k k+1 t K-1 k k+1 k+2 t
Case A Case B

Figure 1: The discretization of link delay model

gives the farthest time point up to which the cumulative departure curve can be constructed. In
step 2, we measure the outflow for time interval k from the known cumulative curve. The difference
between case A and case B (in both the algorithm and the figure ) is that: in case B we are able
to determine, at current time interval ¢, some new v}’s since e; is farther enough while in case A
we are not able to do that for the current time interval (but can do that later on) since e; is near
to e;—1. Step 3 gives the termination condition. R, might need further explanation. As shown in
both cases of Figure 1, even if we know e; is located in time interval k41, we cannot calculate vg41
without referring to e; 1. However, at time interval ¢, e; 1 remains unknown. So, what we can do
is to store the undistributed part'” of u;_; to R, and use it in the next time interval with u; to
determine vy1. Please note that algorithm D2 is not only designed for the linear delay function
model (10). Actually any FIFO-consistent delay function can be embedded in Step 1 in determining
e;. Another point is that the algorithm does not use the division operator and hence causes fewer
computational troubles.

Model calibration. Although the linear delay function has been proven satisfying the FIFO
condition, it is not easy to calibrate the linear delay function to capture realistic traffic flow propa-
gation. For example, by simply letting ay = o and B3 = § we will, in most cases, overestimate the
link traversal time due to the so-called double-counting-effect **, as discussed in [17]. If we want
to obtain more realistic link traversal times, we probably favor, for example, the following delay

function: )
. (o7 if x<ag/Bq
(@) = { x/Bg otherwise (11)

which yields in light traffic free flow link traversal time and in heavy traffic queueing time with

'We assume the loadin time period is [0, T].

'"The distri uted part refers to those vehicles havin  een used in determinin the previous v;s

18Tn reality, no queuin time Bz  should incur in li ht traffic and free-flow travel time agq is ne li i le in heavy
traffic. But the linear delay function counts oth all the time, thus the name double counting.
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x(t) = agq/Bq being the transition point dividing light and heavy traffic. Unfortunately, (11) is
shown to violate the FIFO condition for certain inflow patterns if it is embedded in (10)[17] 9.
Other link delay functions in the form of 7(t) = f(z(t),u(t),v(t)) may provide more accurate link
traversal times, however, their FIFO properties are not fully understood?".

For the linear delay function, we use oy = « and 8; = 3 to ensure FIFO. We regard the resulting
double-counting-effect as an inherent drawback of the delay function model.

2.3 Point Queue Model

The point queue (PQ) model derives its name from the following assumptions: (1). the physical
length of any vehicle is zero; (2). vehicles move along the link at free flow speed before they arrive
at the exit node; (3). a point queue (no physical length ) forms at the exit node if the outgoing
traffic is more than the bottleneck capacity of the exit node. The model has been implemented in
several places of DTA studies (for example, Kuwahara and Akamatsu [12] in formulating a reactive
dynamic user-equilibrium assignment problem). It’s continuous version can be described as follows:

dX(t) [0 if At)=0andu(t—a)<1/8

dt { u(t — @) otherwise (12)

v(t):{ 1;5123@) i)fthe);(vi)iS:Oandu(tfa)<l/ﬁ (13)
T(t) =a+ At +a)B (14)

where, A is the total number of queuing traffic at the exit node. As can be seen from equation
(14), the link traversal time is composed by two parts: the free-flow travel time « and the queueing
delay A(a 4 t)3 caused by congestion. However, the way that link traversal time is calculated by
(14) is substantially different from that by the linear delay function in (10): first, queuing delay in
(14) is evaluated at time ¢ + « (when the vehicle reaches the exit node) instead of ¢ (now); second,
the calculation of queueing time only involves the number of queuing vehicles instead of the total
link volume.

To simplify model discretization, we uniformly divide a generic link into 5, segments such that
the length of each segment is exactly the distance traveled by a vehicle within a single time interval
at free flow speed. We assume that S, can always be made an integer by appropriately adjusting
the length At. As such, the free flow travel time for any vehicle will be exactly S, time intervals.
After the free flow travel time is over, a vehicle will be either added to the end of the queue (if any)
or exit from the link during the next time interval, based on the balance of bottleneck capacity
flow Uy and the total number of queueing vehicles. The following algorithm is the result of this
discretization scheme:

The loading procedure based on the PQ model:

Step 0 Initialization: set ¢ = Sp; A=0; v =v2 =--- =wvg, =0.

9The violation of FIFO can e seen from the followin example: aq = 4; 1/Ba=10. fwelet 1 =---= 4 =20
and 5 = 1, then it is soon found that e; =~ 12 and eg ~ 11, which apparently violates FIFO.
20Tt is known that functions dependin on inflow rate often cause FIFO violations|8]

10
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Step 1 Move forward: i =7+ 1; A=A+ u;_g,.

Step 2 Calculate v; and update A. If A > Cy then v; = Cy and A = XA — Cf; otherwise, v; = A and
A=0.

Step 3 If i < |T/At], go to Step 1; otherwise, stop.

In the above algorithm, the main task of each time interval is to maintain the queueing length
(Step 2). Note that due to the way the link is discretized, the algorithm is neat, simple and easy
to code.

Within the algorithm, Cy and S, are the only two parameters for calibration. Apparently,
both of them can be easily sought from the free flow travel time a and bottleneck capacity 1/
respectively. In a word, the calibration of PQ model is straightforward.

2.4 The Cell Transmission Model

Daganzo ([6, 7]) proposed the following cell transmission model for modeling macroscopic link
dynammics:

y! = min{a]™ Q7 (w/v)[N7 —2]]}

i

. . . 1
{ I§+l = xg—i_yf_yg (15)

where

j is the cell index (downstream cells have larger index numbers), j € C ={1,2,---, a/At};

)

5 is the total number of vehicles of cell j at the beginning of time interval

yf is the number of vehicles entering into cell 7 from cell 7 — 1 during time interval 7;
Q7 is the capacity flow into cell j from cell j — 1 for time interval 4;

N7 is the holding capacity of cell j ;

w/v is a parameter concerned with the shape of the fundamental diagram(flow-density).

The model is developed to numerically replicate some important features of the well-known LWR
(Lighthill and Whitham [13]; and Richards[18]) model. According to Dangazo, it has been shown to
be robust and to match the results of the hydrodynamic theory. In DTA literature, the model is first
applied in modeling a system-optimal dynamic traffic assignment problem by Ziliaskopoulos[24]. It
is not until very recently that the model is used in a user-optimal dynamic assignment formulation[14].

Because the model is already in discrete form, we only discuss its calibration. As required by
the model setup given in [6], we divide the link into S, cells such that the length of each cell is the
distance traveled by a typical vehicle at free flow speed within each time interval. In addition, we
use two special cells for boundary inflow/outflow. They are used as follows: (1) to model the link’s
bottleneck capacity 1/3, we add an output cell numbered as (S, + 1)?! immediately after the exit
node (as such, the bottleneck capacity is modeled as the capacity flow into the output cell); (2)

21The cells are num ered consecutively from the upstream end to the downstream end startin from 1.
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immediately before the entry node, we use a gate cell?? to model the input flow. It’s important to
know that the gate cell only acts as a meter controlling the inflows released onto the link during
each time interval.

For the generic link described at the beginning of this paper, the CTM is calibrated with the
following settings based on the fundamental diagram (flow—density) shown in Figure 2:

Maximum influx : QY =u; Q' =--. = Q5 = 3000; Q5*! = Cy.
Holding capacity : N =oc; N! = ... = N5 =[.9/S,,; N5*! = .
Fundamental diagram parameter : w/v is set to 3 for considerations of realism.

where, [ - 0/, is the holding capacity of each cell when vehicles queueing on the link. Since the
CTM model is a streamlined numerical implementation of the well-studied LWR model, we also
use it as the base model to compare the behavior of other models.

q A
3000

2000

100 400 p

Figure 2: Fundamental diagram for the calibration of CTM model

3 Inflow Patterns and the Loading Results

For all the inflow patterns to be tested in this section, we assume an initially empty link. This
assumption makes it convenient showing loading results graphically using cumulative curves A(t)
and D(t) . For instance, a vehicle will be marked with the same cumulative number at the link’s
two ends when the FIFO condition holds®. As such, the link traversal time 7(¢) can be represented
graphically by a horizontal line segment between the two cumulative curves. At the same time,
cumulative curves also depict other link state variables of interest. For example, z(t¢) is shown as
the vertical line segment between the two cumulative curves at time ¢; and u(t) and v(t) are shown
as the slopes of the two curves at time ¢, respectively. Due to these features of the cumulative curve
plot, we will use the cumulative curves to show the loading results.

22 Accordin to Da anzo, the ate is modeled y a cell pair num ered cell 00 and cell 0. For simplicity, we re ard
them as a ate cell.
BFIFO is usually assumed in determinin vehicle’s link traversal time for macroscopic link models.
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We plan to evaluate the four link models under four inflow patterns (or traffic scenarios): piece-
wise constant inflow in light traffic, piece-wise constant inflow in heavy traffic, slowly varying inflow
in moderately-congested traffic, and fast varying inflow in moderately-congested traffic. For the last
two inflow patterns, we additionally require that the inflow should vary around the link’s bottleneck
capacity to capture the transitions from light to heavy traffic or vice versa. The four inflow patterns
are shown in Figure 3, with each forming an independent test scenario. For contrast, we also show

6 7

5 6
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Figure 3: Link inflow under four traffic scenarios

the maximum outflow allowed by the bottleneck which, in each subplot, is shown as the horizon-
tal dash-dot line (at y = 5.5556). The four inflow patterns are defined and explained in detail below.

Scenario 1. piece-wise constant inflow in light traffic. The inflow pattern is designed to
test a model’s behavior under light traffic. The reason we use a piece-wise constant inflow pattern
is that the link traversal time of light traffic will be, on average, dominated by the link’s free flow
travel time while independent of inflow variation over time. In addition, a piece-wise constant inflow
pattern can reveal, by contrast, more clearly possible variations in the resulting outflow pattern.
The actual input is specified by the following function:

w :{ 0.8C; for ke [1,3S,] (16)

0 for k€ [3S,+1,55,]

During the whole simulation time of 5a long, a constant inflow rate, which is 20% below the bot-
tleneck capacity, is input to the link during the first stage (3« long). Then a period of 2« long,
during which inflow rate is dropped to zero, is given to let the last vehicle entered during the first
stage to exit the link. It’s expected that the generic link will become empty again at the end of the
simulation. This input flow pattern is shown on the upper-left plot of Figure 3.

The loading results of the four link models under this inflow pattern are shown in Figure 4
and Figure 5, with the former presenting the full loading results while the latter showing the link
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Figure 4: Cumulative arrival and departure curves (case 1)

traversal time in particular. From Figure 4, it can be seen that the PQ model and the CTM model
produce identical results since the corresponding D(t) curves are the same (the two lower plots):
both curves remain zero until ¢ = 61 (approximately the free flow travel time); then increase linearly
with the same slope that equals the constant inflow rate; at the end of time interval ¢ = 240, the
D(t) curve catches up with the A(t) curve, showing no remaining vehicles on the link from that
time onward. These observations implies that the PQ model performs equally well as the CTM
model in determining link volume, link outflow and link traversal time for the given inflow pattern.

In contrast, the D(t) curves of the EF and the DF models are quite different from that of
the CTM model. For instance, both curves are unable to catch the A(t) curve at the end of the
simulation, implying a lower averaged outflow rate within the simulation period compared with the
previous two models; and more importantly, neither of the outflow patterns replicates the inflow
pattern, implying time-varying rather than constant outflow expected for such traffic conditions.
The special feature of the D(t) curve produced by the EF model (the upper left plot) is this: it
rises much earlier than other D(t) curves in the beginning but much more slowly towards the end
of the simulation. This behavior can be explained by the premature reaction of the EF model—it
responds immediately (prematurely) to any changes in inflow rates. In reality, changes in inflow
rates take finite amount of time to propagate through the link hence the response to these changes
in outflow should take some time. The the exit flow function (9), however, prescribes that any
changes in inflow at the entry would be immediately felt by the outflow at the exit because the exit
flow is a function of link volume. This implies that the travel speed of a vehicle is influenced not
only by the traffic ahead of it but also by traffic behind it. Despite this fluid-like behavior, the EF
model with the travel time defined by (4) still respects FIFO.

For the D(t) curve produced by the DF model (the upper right plot), we can see that the curve
starts to rise, as expected, after the free flow travel time is over. However, the curve increases
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with a slower pace, which moves it further apart from the A(t) curve. The smaller slope of the
D(t) curve implies less link outflow. In other words, the DF model tends to underestimate the link
outflow by overestimating the link traversal time (to be shown later). More detailed exploration
towards the slanted portion of the D(¢) curve finds two line segments with different slopes, implying
a piece-wise constant outflow pattern within the loading horizon. Actually, even for a single jump
of inflow at ¢t = 0, it will take a few more jumps for the outflow to approach a stable constant
level. This can be easily found from the loading results if we extend further the simulation horizon.
However, please note these discontinuities are introduced by the nature of DF model rather than
numerical computation because similar outflow patterns can also be found in [5], where, the out-
flow pattern is determined analytically for a given constant inflow tested on a delay function model.

To highlight the differences in their link traversal times, we draw the 7(¢) curves for the four
models in the same picture (Figure 5). For convenience, we use 7(n)—n (where n is the cumulative
number that identifies specific vehicles at the entry node) plot instead of 7(¢)—t plot because the
former emphasizes more about individual vehicles. Note that the results shown by 7(¢) — ¢ curves
and that shown by 7(n) — n curves are comparable in the sense that each one can be found from
the other. From Figure 5, it is clear that the PQ model and the CTM model produce the same

Link Traversal Time
1500 T T

1000

Time in second

500

I I I I
0 10 20 30 40 50 60 70 80 90
Vehicle numbered at entry node ( divided by 10)

Figure 5: Link traversal time (case 1)

7(n) —n curve for the given inflow pattern, which is consistent with the results shown in Figure 4.
Also, notice that the DF model systematically overestimate vehicles’ link traversal times, and this
observation further confirmed the double-counting-effect mentioned in Section 3. Finally, one may
notice that the link traversal times of the EF model are apparently mis-estimated at two critical
points: 1) when the inflow initially jumps from zero to 0.8C/, the model underestimates 7(t) by
prematurely raising the outflow rate and 2) when the inflow drops from 0.8C to zero, the model
overestimates 7(t) by prematurely reducing the outflow rate. In other words, the unrealistic result
of the EF model derives substantially from its premature reaction (due to its fluid-like behavior)
to the variations in the inflow pattern.

Scenario 2: slowly varying inflow in moderately-congested traffic. This scenario is
designed to test the models’ capability to describe peak hour traffic. The simulation horizon is
divided into five stages with each a long. The inflow gradually increases from 0 to uCy (p is an
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overcapacity number) in the first stage, then it remains at that level in the second stage before
it decreases to zero in the third stage. To make sure that the link is cleared at the end of the
simulation for CTM, the inflow rate remains zero during the last two stages. Function (17) shows
how the inflow pattern is specified:

pk /Sy, Cy for € [1,5]
) pCy for € [Sn+1,28,)]
U= 88, — k) /SuCy for k€ 25 + 1,3,] (17)
0 for ke[SS 4 1,55,]

where, p is the magnifying factor that determines the level of peak hour traffic. For scenario 2, we
use 4 = 1.2, which sets the peak demand 20% above the bottleneck capacity.

The loading results of the four models are shown through the cumulative curves in Figure 6.
Again, the PQ model and the CTM model result in identical D(t) curves showing comparable model
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Figure 6: Cumulative arrival and departure curves (case 2, u = 1.2)

behavior and outflow for the given inflow pattern. However, the outflow patterns did not replicate
the inflow pattern as in the first scenario because now the outflow is bounded by the bottleneck
capacity. In the A(t) — D(t) plots of the PQ model and the CTM model, we can see some queuing
due to over-capacity inflow.

Oun the other hand, the D(t) curves of the EF model and the DF model are still substantially
different from that of the CTM model. Both curves show some of their important traits having
been explored in Scenario 1. For example, due to premature reaction, the D(t) curve of the EF
model rises too soon at the very beginning of the simulation and drops too quickly when the inflow
starts to drop; and the D(t) curve of the DF model moves further apart from the A(t) curve than
in Scenario 1 due to the double-counting-effect, implying an under-estimated outflow rate. Finally,
both the EF model and the DF model are not able to clear all vehicles from the link at the end of
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the simulation. However, their causes are quite different. For the EF model, the reason is that the
outflow drops too quickly when the inflow starts to drop; but for the DF model, it is because the
cumulative effects of under-estimated outflow rate caused by double-counting.

The link traversal times produced by the four models are plotted in Figure 7. Due to the minor
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Figure 7: Link traversal time (case 2, u = 1.2)

congestion caused by over-capacity demand at the second stage, not all vehicles are able to travel at
free flow speed on the link. The situation can be seen in the 7(n) curve of the PQ model and CTM
model (note that they are still identical), where vehicles numbered greater than 200 took extra
time to traverse the link (the free flow travel time is 600) due to congestion. Also from that figure,
it is clear that the DF model overestimates link traversal times. For vehicles numbered greater
than 400, their travel times are more than twice the travel times obtained from the CTM model for
the same vehicles. The EF model underestimates the link traversal times of vehicles numbered less
than 680, but overestimates the link traversal times of vehicles numbered greater than 680. Again,
the cause of this mis-estimation is the fluid-like behavior of the exit flow function.

Scenario 3: piece-wise constant inflow in heavy traffic. This scenario is designed to
study the behavior of the four models in heavily-congested traffic. For heavy traffic, it is expected
that the outflow as well as the associated link traversal time is more likely to be dominated by
queues at the bottleneck, but less dependent on inflow variations. For this reason, we use a piece-
wise constant inflow pattern similar to the one employed in Scenario 1. The over-congested inflow
pattern is provided as follows:

= { 2.0C; for ke[l,35,] (18)

0 for ke [3S,+1,55,]

The inflow rate increases to twice bottleneck capacity at the beginning of the simulation and then
remains at that level for a period of 3a long before it reduces to zero during the clearance period
of the simulation (2« long). However, due to the heavy demand of the first period, it is possible
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that some vehicles entering into the link late are unable to leave the link when the simulation is over.

The simulation results for the four models under this scenario are shown in Figures 8 and 9.
From the cumulative plots in Figure 8, it can be seen that all four models are not able to empty the
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Figure 8: Cumulative arrival and departure curves (case 3)

link at the end of the simulation. The figure also shows that the PQ model and the CTM model
behave identically, with the outflow rate being exactly the bottleneck capacity after t = «, as indi-
cated by a constant slope in the D(t) curve. Although the D(t) curves of the EF and DF models are
still different than that of the CTM model, they get closer to the latter as now queuing dominates
link dynamics. This is because, in the case of the EF model, the bottleneck constraint (C') starts
to take effect in (9) as traffic on the link becomes heavily congested, and in the case of the DF
model, Sx becomes the dominant component of link traversal time. In fact, if o becomes negligible
(when Bz — oo ), the discharge rate computed from the DF model approaches Cf. Also from
Figure 8, we can still see the double-counting-effect in the DF model and the premature-reaction
behavior of the EF model. However, their impact on computed link traversal times, as seen from
Figure 9, becomes less significant as traffic becomes heavily congested. Clearly, the relative link
travel time differences for vehicles that enter the link at a much later time become smaller and
smaller among the four models. This means that, with properly specified and calibrated exit flow
and/or delay functions?*, the performances of all four models are comparable under heavy traffic
congestion.

Scenario 4: fast varying inflow in moderately-congested traffic. Finally, we use a sine-
shaped inflow pattern to evaluate the models in fast varying traffic. This scenario is designed to
capture, to some degree, random factors that may dominate the inflow pattern sometimes observed
in real traffic. To construct the inflow pattern, we use 0.8C; as a base level, then add an additional
part of 0.6Cy multiplied by a sine function to obtain the time-varying portion. As such, the highest

*That is, oundin the exit flow with C; in the EF model and choosin 3 to e 1/Cy in the DF model.
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inflow rate is 1.4Cy and the lowest is 0.2Cy. How fast the sine varies is controlled by parameter
the p shown in the following function:

u = { 0.8C¢ +0.6sin(k/p) for ke [1,35,] (19)

0 for k€ [3S,+1,55,]

In the simulation, we use ¢ = 10 to obtain the frequency of variation, and the inflow pattern is
shown in the lower-right part of Figure 3.

The simulation results for the above inflow pattern are shown in Figures 10, 11, and 11. They
show no surprises. It can be observed from Figure 10 that all the D(t¢) curves try to replicate the
A(t) curve as the inflow varies vehemently. Again, the D(t) curves of the PQ model and the CTM
model are identical, implying comparable model behavior for the given inflow pattern. Due to the
premature-reaction of the EF model, the associated D(t) curve rises before the free flow travel time
at the early stage of the simulation and increases with much slower pace after the inflow drops
to zero. The double-counting-effect of the DF model can also be observed from the slope of its
corresponding D(t) curve, which rises more slowly than other D(t) curves do. As to link traversal
times, the DF model systematically overestimates 7(¢) and the EF model underestimates 7(t) at
the very beginning while overestimates it at the end stage of the simulation, as observed in other
scenarios. Also as before, the PQ model and CTM model produce identical link traversal times.

4 A Qualitative Assessment of the Models

The behavior of the four models under different traffic conditions are examined and compared in
Section 3. In this section their merits and drawbacks are discussed from the perspectives of net-
work loading. Since numerically conducting network loading involves issues of model discretization,
model specification/calibration/validation, computational time efficiency and memory consump-
tion, we need to evaluate the models’ performance in all these aspects.
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Figure 10: Cumulative arrival and departure curves (sine u)

4.1 Ease of Model Discretization and Calibration

It is hard to quantify ease of model discretization and calibration as was discussed in Section 2.
Therefore we provide a descriptive assessment of how easy/difficult to discretize and calibrate each
model.

The EF model is originally proposed in discrete form, so discretization is not an issue. Even
for the continuous exit flow function model:

(20)

the discretization of it is also straightforward. However, the model proves difficult to calibrate®
for light traffic scenarios. As we argued in Section 2, for light traffic, the link exit flow for the time
interval 7 is not only influenced by the total number of vehicles at that moment, but also influenced
by the distribution of those vehicles along the link which, unfortunately, is not captured by the
model.

The DF model is difficult to discretize and calibrate. In terms of discretization, great care must
be taken to reduce computational errors such as those caused by small denominator and to ensure
the correctness of the algorithm (for example, respecting FIFO). Because the DF model uses delay
functions to predict vehicles’ link traversal times, model calibration may also involve choosing a
proper form of the delay function (what we call function specification). Unfortunately, this is not
a trivial task. For example, up to now, only the linear delay function is known to respect FIFO for
all inflow patterns. Even for the linear delay function, it is hard to find parameters that reduce the

ZCali ration here refers to the process of o tainin the est set of parameters in the model such that results from
the model are correct and realistic.
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double-counting-effect.

The CTM model and the PQ model are either already in discrete form or straightforward to
discretize. Moreover, they are both easy to calibrate since their parameters, including free-flow
travel time and bottleneck capacity, are all well defined physical quantities that are relatively easy
to measure.

The following table summarizes the ease of discretization and calibration for the four models:

\ | EF | DF | PQ [CTM|
Discretization | N/A difficult easy N/A
Calibration | difficult | quite difficult | quite easy | easy

Table 1: Ease of model discretization and calibration

4.2 Accuracy

We use accuracy to measure the realism of a link model’s outputs of outflow/link traversal time.
For this purpose the CTM model is used as a benchmark, because the hydrodynamic theory that
the CTM model intends to solve is known to capture the main traffic flow features that are of
interest to DTA studies. From the results presented in Section 3, it is clear that the PQ model is
more accurate than both the EF and DF models. In fact, for all the inflow patterns tested, the
results of the PQ model and that of the CTM model are identical?®. Especially, the PQ model
replicates well realistic traffic behavior in the following two scenarios: 1) when traffic is light, the

26However, this is not to say that the PQ model is always as accurate as the CTM model and an identical result
can always e expected. Theoretically, the CTM model offers four de rees of freedom free flow speed, capacity, jam
density and wave speed while the PQ model only offers two free flow speed and capacity , and in that sense the
former should e more accurate and powerful than the latter.
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link traversal time is dominated by the free flow travel time; 2) when traffic is heavy, the link
traversal time is dominated by queuing time.

Both the EF and the DF models have apparent drawbacks in modeling traffic under all the four
inflow patterns. For example, the EF model tends to underestimate vehicles’ link traversal times
at the beginning of the simulation when there is a sudden increase in inflow rate while overestimate
vehicles’ link traversal times near the end of the simulation when there is a sudden drop in inflow
rate. These drawbacks, as we have discussed in Section 3, are from the premature-reaction of the
outflow to the change of inflow in the EF model. On the other hand, the DF model systematically
overestimate link traversal time due to double-counting-effect. Yet, correcting such a systematic
bias proves to be difficult if not impossible[17].

4.3 Computational Efficiency: CPU Time

The efficiency of competing algorithms in numerical computation can be gauged from two aspects:
CPU time and memory-demand. To evaluate the time efficiency of the four loading procedures,
we record the corresponding CPU time and list them in Table 4.3. To reduce random effects, each

| [ EF | DF | PQ | CTM |
Light 0.015 | 0.0160 | 0.0150 | 0.4210
Peak Hour | 0.0150 | 0.0150 | 0.0160 | 0.4220
Heavy | 0.0160 | 0.0310 | 0.0150 | 0.4220
Sineu | 0.0160 | 0.0160 | 0.0150 | 0.4210
Averaged | 0.0155 | 0.0170 | 0.0153 | 0.4215

Table 2: Computational time in seconds

algorithm is run 4 times for any given inflow pattern, and the averaged running time is recorded in
the table. For example, for the light traffic case, the EF model is run 4 times to obtain the averaged
running time of 0.015 second. In the last line of the table, we calculated the computational time
of each algorithm for all the inflow patterns, and the averaged computational time is used for a
comprehensive evaluation of the time efficiency of the algorithm.

It is important to point out that the averaged running time for all test scenarios is comparable
for the first three algorithms. However, the running time for the CTM model is substantially (about
26 times) larger than the other three. The poorer computational performance of the CTM model
can be explained as follows: during each simulation step, the algorithm needs to update the state of
each small cell whose number can be many; and for each small cell, the computational demand of
updating its state is actually comparable with that for the whole link of other models. For example,
the processing of each cell by the CTM model includes two tasks: determining the influx between
two successive cells and then updating link volume; the tasks are exactly the same for the EF
model: determining the exit flow using ¢(-) and then updating the link volume. So, theoretically,
the CTM algorithm can be k - .S, times more expensive than the other three algorithms, where k
is a positive constant independent of [ and At.

For the DF model, let’s explain more about the running time under heavy traffic scenario since
it is about 100% larger than that under any of the rest three scenarios. For heavy traffic, the
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exit time e; determined by the algorithm can be much further than the current time interval 7.
The situation means that we need to calculate v; up to interval |e;/At] — 1. For example, if the
simulation’s time horizon is 300 time intervals, we could have already known vggg by the end of the
simulation if many vehicles are still queueing on the link. However, for the PQ model and the EF
model, we only need to calculate v; up to interval 300 and hence save the work of determining v;
for ¢ > 300 .

The averaged running time for all test cases are also reported in Figure 12. Again, it is clear

Time Efficiency of Four Link Models
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Figure 12: Time efficiency of link models

that the CTM algorithm is much more computationally expensive than the other three algorithms.

4.4 Computational Efficiency: Memory Consumption

If any of the four link models is used in a DTA environment (for example, conducting network
loading), we have to evaluate its memory requirements. The necessity of this evaluation can be
explained from the following three perspectives. First, a large road network may contain thousands
of links to be processed simultaneously. Thus it is desirable that the memory requirement for
processing each link be low. Second, some DTA algorithms (such as the DUE problem studied in
[10]) distinguish link state variables on each path p. For example, for vehicles entering into the
link at time interval i, we need to record the inflow of each path using the link, i.e., u? 27 instead
of u;. Since the number of path in a road network is usually far greater than the number of links,
maintaining path information may require large amount of memory. Third, the evaluation of the
network state variables at time ¢ (such as path travel times in the DUE problem) may require the
values of other variables at a much earlier time, which prevents us from releasing immediately the
memory occupied by those variables. In summary, solving a DTA problem may need huge amount
of memory and hence calls for link models and loading procedures that are parsimonious in memory
consumption.

*"Please note that . ¥ = ..

p
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To analyze the memory-demand of loading procedures based on the four models, however, we
do not need to consider all the three factors mentioned earlier because they affect each procedure
equally. What we do is to analyze the least number of time-dependent variables®® required by each
link model and use this number as an index of memory demand. In the solution algorithms for the
link models, time-dependent variables are those indexed by time interval . They are summarized
as follows:

EF, 3 variables, i.e., u;, z; and v;;

DF, 4 variables, i.e., u;, x;, ¢; and v;;

PQ, 2 variables, i.e., u; and v;;

CTM, 28, + 1 variables, i.c., u;, ¥/ and 7 for j € {1,2,---,8,}.

It is clear that the PQ model requires the least amount of memory while the CTM requires the most
amount of memory. Also, it’s worthwhile to know that the DF model is actually quite memory-
consuming compared with the PQ model. For a large road network, network loading based on the
PQ model uses about half of the memory used in a DF model based loading procedure.

5 Conclusions

In this paper, we studied four link models the linear delay function (DF) model, the M-N model,
the PQ model and the CTM model. They are solved for various link inflow patterns on the same
link that has a bottleneck at the exit end. The characteristics of each model is analyzed and
compared with others from several perspectives, including algorithm implementation, model cali-
bration, model accuracy, and computational efficiency.

Using the CTM model as a benchmark, it is found that the PQ model behaves identically as the
CTM model, producing identical outflow rates and link traversal times under all four test scenarios,
while the DF model systematically overestimates link traversal times (hence underestimates outflow
rates) and the EF model overestimates link traversal times when inflow rate decreases suddenly
but underestimates link traversal times when inflow rate increases suddenly. These features of the
EF and DF models are direct consequences of the exit flow functions and/or delay functions used
in these models: the exit flow function in the EF model leads to “premature reaction” of outflow
to inflow changes while the delay function in the DF model “doubly counts” free-flow travel time
and queuing delay. When the four link models are evaluated from the algorithmic perspective in
a DTA environment, it is found that on average the P(Q) model takes the least amount of memory
and CPU time, while the CTM model takes the most amount of memory and CPU time. Although
the computational efficiency of the EF and DF models are comparable to that of the PQ model,
their drawbacks discussed earlier render them inferior to the PQ model. From the perspectives of
network loading, the PQ model is a sound alternative to other link models because it is as accurate
as the CTM model but computationally more efficient.

From literature one may get the impression that the DF model is superior than the EF model.
Our analyses indicate that this is not completely true. Certainly when traffic is light, the DF
model produces more realistic link travel times than the EF model, but when traffic is heavily

ZWe i nore the other types of varia les since they are not the dominant factors in memory-consumption.
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congested, the EF model is actually more accurate than the DF model, as shown in Case 3. It
is true that link travel times are given explicitly in the DF model, which makes certain analyses
(e.g., proof of algorithmic convergence) more tractable for DTA problems using the DF model
than other link models in which link travel times are given implicitly. However, link travel times
are evaluated numerically in most DTA solution algorithms anyway, and when link travel times
are obtained numerically it is actually not critical whether link travel time can be expressed ex-
plicitly or implicitly. Other than these aspects, both models have significant behavioral flaws as
discussed earlier (i.e., later traffic affecting travel times of earlier traffic in the EF model and double
counting free-flow travel time and queuing delay in the DF model). Moreover, the DF model is
harder to discretize than the EF model. Although it was reported in literature that the EF model
does not respect FIFO (e.g., [1]), this assertion is also questionable because link travel time is
not explicitly defined in the EF model. Whether the EF model respects FIFO or not depends on
how one defines link travel time. The EF model respects FIFO if link travel time is as defined in (4).

All our test results indicate that the PQ model is equivalent to the CTM model under the used
initial/boundary conditions, yet these two models are not equivalent when the link’s exit boundary
conditions also depend on traffic conditions of downstream links, that is, when queues spill back
onto upstream links. The difference is that the CTM model considers the physical length of a
vehicle (captured through jam density) while the PQ model does not. It is feasible, however, to
extend the PQ model to a “spatial” queuing (SQ) model that captures queue spill-backs while
retaining the algorithmic efficiency of the PQ model (this work will be reported elsewhere).
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